Abstract. In the present paper, we give a first general construction of compactified moduli spaces for semistable G-bundles on an irreducible complex projective curve X with exactly one node, where G is a semisimple linear algebraic group over the complex numbers.
Introduction
If X is a smooth projective curve and G is a reductive linear algebraic group, then one has the projective moduli space M τ G for the (S-equivalence classes of) semistable principal Gbundles of fixed topological type τ ∈ π 1 (G). The GIT-construction of this space is due to Ramanathan [14] . Later it was simplified and extended to higher dimensions by Gómez and Sols [10] . If G is a semisimple group, there are alternative approaches by Balaji and Seshadri [1] , and the author [16] , [17] . As does the work of Gómez and Sols, the latter two yield Gieseker-type compactifications of the moduli spaces of stable principal bundles in higher dimensions. An important open problem, raised by M. S. Narasimhan, is to generalize this result to singular curves. The first case to understand will be the case where X is an irreducible projective curve with exactly one node (which will be called for simplicity a nodal curve in what follows). If G = GL r (C), one may work with vector bundles of rank r rather than with principal G-bundles, and then the moduli space U (r, d) of semistable torsion free sheaves of rank r and fixed degree d is the generalization one is looking for. Similarly, if G = O(r) or G = Sp(r), then one may work with torsion free sheaves E together with a non-degenerate bilinear form β: E ⊗ E → O X , required to be symmetric in the case of O(r) and anti-symmetric in the case of Sp(r). For these objects, one has again a natural notion of semistability and the moduli spaces can be constructed [6] , [3] . Surprisingly, however, the problem becomes difficult already for G = SL r (C). On a smooth curve, an SL r (C)-bundle is usually identified with a vector bundle E with rk E E ∼ = O X . This determinantal condition does not make sense for a nonlocally free torsion free sheaf E on a nodal curve. Nagaraj and Seshadri suggest replacing the above condition by the condition that there be a non-zero homomorphism rk E E → O X which is an isomorphism outside the node of X ( [13, p. 136] ). Sun has recently checked in [22] that this suggestion seems reasonable in the sense that this condition defines an irreducible closed subset U SL r (C) in the moduli space of semistable torsion free sheaves of degree zero and rank r on the curve X which is compatible with degenerations. The latter statement means that, for a degeneration of a smooth curve X to X, the moduli space of vector bundles of rank r with trivial determinant on X degenerates to a closed subscheme of U (r, 0) the support of which is exactly U SL r (C) . The open problem which remains is to give U SL r (C) a modular interpretation.
1.1
Based on the notion of a singular principal bundle introduced by the author on smooth projective manifolds in [16] and extended in a certain way to a wide class of singular varieties (including nodal curves, see Section 5.2 for the discussion) by Bhosle [3] , we propose to look at the following objects. Let X be a nodal curve, G a semisimple linear algebraic group, and : G → SL(V ) a faithful representation. An honest singular principal G-bundle on X is a pair (A , τ ), consisting of a torsion free sheaf A on X and a homomorphism τ : Sym (A ⊗ V ) G → O X such that the image of U := X \ {node} under σ is contained in Isom(V ⊗ O X , A ∨ |U )/G. Here, σ : X → Spec(Sym (A ⊗ V ) G ) = H om(V ⊗ O X , A ∨ |U )/ /G is the section corresponding to τ . Now, we can form the base change diagram
The condition on the image of U guarantees that P(A , τ ) := P |U is indeed a principal G-bundle. In order to formulate an appropriate semistability condition for honest singular G-bundles, we need some more notation. Suppose A is a torsion free sheaf on X; then a weighted filtration of A is a pair (A • , α), consisting of a filtration of A |U by subbundles. Let j : U → X be the inclusion and define A i as the saturation of A ∩ j (A i ), i = 1, . . . , s. Now, an honest singular principal G-bundle is said to be (semi)stable if L(A • β , α β ) (≥) 0 for every reduction β of (A , τ ) to a one-parameter subgroup of G.
1.2
Unfortunately, we are not able to give a direct construction of the moduli space of semistable honest singular G-bundles on the curve X. Instead, we use an idea inspired by the theory of generalized parabolic bundles of [2] . For this, let N ∈ X be the node of X, ν: X → X the normalization, and ν −1 (N ) = {N 1 , N 2 }. Recall that a generalized parabolic bundle of rank r is composed of 1) a vector bundle A of rank r on X and 2) an r-dimensional quotient q: A N 1 ⊕ A N 2 → R. The pair (A, q) defines the torsion free sheaf A on X as
First, look at a triple (A, q, τ ), where (A, q) is a generalized parabolic bundle as above, and τ : Sym (A ⊗ V ) G → O X is a homomorphism of O X -algebras. Then we define the pushforward (A , τ ) := ν (A, q, τ ) as follows: The torsion free sheaf A is associated to (A, q) as explained before. In order to define the homomorphism τ : Sym (A ⊗ V ) G → O X of O X -algebras, we first observe that the inclusion A ⊂ ν (A) corresponds to a homomorphism ν (A ) → A. This yields a homomorphism
of O X -algebras. The isomorphism results from general base change properties (Section 2 of [16] ), and the second homomorphism comes from the natural map ν (A ) → A. Now, τ in turn provides us with the map
This is a homomorphism of O X -algebras. To see this, one has to verify that the first map is a homomorphism of O X -algebras. The latter reduces to the corresponding property of the symmetric algebra Sym (A ⊗ V ), which, finally, is easily checked. Now, we define a descending principal G-bundle (on X) to be a triple (A, q, τ ) as before, such that the following requirements are met:
• The pair (A, τ ) defines by means of base change (see Diagram (1)) a principal Gbundle P(A, τ ) on X. This is equivalent to the fact that the associated section σ :
• The image of the homomorphism τ from the pair (A , τ ) = ν (A, q, τ ) lies in the subalgebra O X .
Remark 1.2.1. (i) By definition, the pair
is an honest singular G-bundle on the nodal curve X. Thus, in analogy with Bhosle's theory of generalized parabolic bundles, we describe honest singular G-bundles on the singular curve X by principal G-bundles on the smooth curve X, satisfying some descent conditions.
(ii) A principal G-bundle P on X defines a descending G-bundle on X. For this, let E be the vector bundle with fibre V associated with P by means of the representation , and set A := E ∨ . We have the natural inclusion P ⊂ Isom(V ⊗ O X , A ∨ ). Taking the G-quotient, we find the section σ :
, and τ = ν τ . The triple (A, q, τ ) is a descending G-bundle on X which, indeed, descends to P (more precisely to (A , τ )).
1.3
Next, we have to define the semistability concept for descending principal G-bundles. This concept will depend on a parameter α ∈ (0, 1) ∩ Q. Fix such a parameter α, and let (A, q) be a generalized parabolic bundle as above. For any subbundle B of A, we define the α-parabolic degree as
Now, let (A, q, τ ) be a descending G-bundle on the curve X. As before, we can speak of a weighted filtration (A • , α) of A (where "saturated subsheaf" = "subbundle", because X is smooth). To such a weighted filtration (A • , α), we assign the rational number
In analogy to the definitions above, a reduction of the descending G-bundle (A, q, τ ) to the one-parameter subgroup λ: C → G is a section β: X → P(A, q, τ )/Q G (λ). Such a reduction β gives rise to a weighted filtration (A • β , α β ) of A by a procedure similar to the one used in the case of honest singular principal bundles on the nodal curve X. Finally, we call (A, q, τ ) α-(semi)stable if the condition P α (A • β , α β ) (≥) 0 holds for any reduction β of (A, q, τ ) to a one-parameter subgroup of G.
Below, we will explain what a family of descending G-bundles parameterized by a scheme S is. When one has this notion at hand, one may define moduli functors
equivalence classes of families of α-(semi)stable descending G-bundles .
We then have: Regarding the relation of the notion of α-(semi)stability to our notion of (semi)stability for honest singular G-bundles on nodal curves, we note Proposition. There is a value α 1 ∈ (0, 1) ∩ Q such that, for every α > α 1 and every descending G-bundle (A, q, τ ) on X with associated honest singular G-bundle (A , τ ) on X, the following conclusions hold true:
Note that we may apply our results also to the case G = SL r (C) and : SL r (C) ⊂ GL r (C). In this case, the moduli space M ( ) α-ss maps onto the closed subset U SL r (C) in U (r, 0). This provides U SL r (C) with the structure of the scheme-theoretic image of M ( ) α-ss and seems to be the most natural scheme structure one can put on U SL r (C) at the moment. A similar strategy will be used to construct natural subschemes of Bhosle's "big" moduli spaces for singular principal G-bundles for an arbitrary semisimple group G.
1.4
If X has arithmetic genus one (i.e., X is a nodal elliptic curve) and G is simple and simply connected, there is another conceptual approach to the problem by Friedman and Morgan [8] . They construct a projective moduli space M FM parameterizing certain G-bundles on X. (It seems to be specific to the case p a (X) = 1 that one can build a compact moduli space from principal G-bundles on X only, i.e., without singular objects.) This moduli space is compatible with degenerations in the following sense: If (π: X → B, σ : B → X) consists of a flat proper morphism π the fibres of which are either smooth or nodal elliptic curves and a section σ which meets the fibres only in smooth points, then there is a relative moduli space M X/B → B such that the fibre over a point b is the usual moduli space of semistable G-bundles on π −1 (b) if that curve is smooth, and M FM if π −1 (b) is a nodal curve. Let B 0 be the open part where the fibres of π are smooth elliptic curves. Then the relative compactification M X/B of M π −1 (B 0 )/B 0 has certain uniqueness properties (see Section 5 of [8] ).
The moduli space M FM is obtained by generalizing the "parabolic construction" introduced in [7] for smooth elliptic curves. In this construction, one fixes a system of simple roots and a special root α ∈ (that is, any root if G is of type A n , and the unique long root such that the Dynkin diagram is a union of graphs of type A with α as an end, meeting each other in α only, otherwise). This provides the maximal parabolic subgroup P α . The G-bundles which are classified by M FM are obtained from P α -bundles by means of extending the structure group. The P α -bundles, in turn, can be described by certain vector bundles and non-abelian cohomology groups. Although the parabolic construction gives very precise information on the G-bundles thus obtained, it seems hard to characterize them by semistability conditions. Nevertheless, the moduli space M FM contains a dense affine open part M 0 which parameterizes the G-bundles P on X enjoying the following equivalent properties:
• The pullback of P to the normalization X is trivial.
• For every representation ϕ: G → GL(W ), the vector bundle ϕ * (P ) is semistable. We claim that M 0 also forms an open subset of our moduli spaces M ( ) α-ss , for any representation and any stability parameter α ∈ (0, 1) ∩ Q. To see this, let P be a principal G-bundle on X and consider the associated descending G-bundle (A, τ , q) (Remark 1.2.1(ii)). Note that := ker(q) may be viewed as the graph of the natural isomorphism ϕ: A N 1 → A N 2 . For every subbundle 0 B A, it follows that
. Thus, for any weighted filtration (A • , α) of A, we obtain
The latter inequality results from the fact that A is semistable. Thus, M ( ) α-ss and M FM are isomorphic over M 0 .
At the moment, it seems to be difficult to obtain more precise information about the relationship between M ( ) α-ss and M FM , because (a) the objects in M FM are not characterized by a semistability condition and (b) our moduli spaces M ( ) α-ss are probably not compatible with degenerations (so that the uniqueness property mentioned above cannot be applied). Hopefully, more precise knowledge on the problem raised in Section 5.3 will shed light on this. Finally, it would be interesting to know whether the description of the category of coherent sheaves on X given by Burban and Drozd in [5] might be used and generalized to get a description of all singular G-bundles on X.
Conventions
We work over the field of complex numbers. A scheme will be a scheme of finite type over C. For a vector bundle E over a scheme X, we set P(E ) := Proj(Sym (E )), i.e., P(E ) is the projective bundle of hyperplanes in the fibres of E .
Preliminaries

Base change properties of affine morphisms
Suppose that f : X → Y is an affine morphism, and let h: Z → Y be an arbitrary morphism. We form the base change diagram For any morphism ϕ: T → S between schemes and any O S -module A , there is the "natural homomorphism" A → ϕ ϕ (A ). 
Proof. This is easily checked in the setting of modules over rings. 
Zero loci of sheaf homomorphisms
Generalized parabolic bundles
We summarize the main results of the paper [2] . It serves also as a model for the kind of results we wish to obtain for principal bundles. For this, we use the notation of the introduction. Recall that we work on a fixed nodal curve X and that ν: X → X is the normalization map. As before, N ∈ X is the singular point, and
In the introduction, we explained the notion of a generalized parabolic bundle. Now, we will introduce the notion of a family of such objects. For doing so, we use the following shorthand notations: If S is the parameter scheme, then we write S N 1 ,N 2 for the subscheme S × {N 1 , N 2 } of S × X and S N for the subscheme S × {N } of S × X. Then a family of generalized parabolic bundles parameterized by S is a pair (A S , q S ) which consists of a vector bundle A S on S × X and a quotient map q S : π S (A S|S N 1 ,N 2 ) → R S onto a vector bundle of rank r on S N . Here, r is the rank of A S and π S denotes the projection morphism
. Next, suppose T is another scheme, f : T → S is a morphism, and (A S , q S ) is a family of generalized parabolic bundles parameterized by S. The pullback (A T , q T ) of the family (A S , q S ) via f is obtained as follows: We start with the following diagram in order to introduce the necessary notation (where the maps h, h, and h are derived from f , e.g., h = f × id X ):
The given datum is the quotient q S : π S ι S ι S A S → R S . This provides us, by means of pullback, with the quotient h q S : h π S ι S ι S A S → h R S =: R T on the scheme T N . A repeated application of Proposition 2.1.1 yields the following identifications:
If we set A T := h A S , then the above identifications turn h q S into a quotient q T :
The associated family of torsion free sheaves on S × X. Let S be a scheme and (A S , q S ) a family of generalized parabolic bundles parameterized by S. We define the associated family of torsion free sheaves on S × X as
Since the map π S (A S ) → R S is surjective and both π S (A S ) and R S are S-flat, the family A S is also S-flat.
Lemma 2.3.1. Let (A S , q S ) be a family of generalized parabolic bundles parameterized by S, h: T → S a homomorphism, and (A T , q T ) the pullback of (A S , q S ) by h. This yields the families A T and A S on T × X and S × X associated to (A T , q T ) and (A S , q S ), respectively. Then one has an isomorphism A T → h A S such that the following diagram commutes:
Semistable generalized parabolic bundles. As in the introduction, we fix a stability parameter α ∈ (0, 1) ∩ Q. A generalized parabolic bundle (A, q) on the curve X is called α-(semi)stable if, for every subbundle 0 B A, the inequality
is satisfied. 
The above proposition is Proposition 4.2 in [2] . We will come back to this in Section 5.2 within our context.
For d and r as above, we want to study the moduli functors
equivalence classes of families of α-(semi)stable generalized parabolic bundles of degree d and rank r parameterized by S
In Section 4 of [2], we then find 
with the following properties: 
Decorated generalized parabolic bundles
The general strategy to construct our moduli spaces is the one adopted in our papers [16] and [17] . This means that we will first develop a theory of decorated generalized parabolic bundles in order to obtain our moduli spaces.
The homogeneous case
We fix non-negative integers a, b, c, and a line bundle L on X. A generalized parabolic bundle with a decoration of type (a, b, c; L) is a triple (A, q, ϕ), where (A, q) is a generalized parabolic bundle as before, and ϕ: (A ⊗a ) ⊕b → det(A) ⊗c ⊗ L is a non-trivial homomorphism. Two generalized parabolic bundles (A 1 , q 1 , ϕ 1 ) and (A 2 , q 2 , ϕ 2 ) with a decoration of type (a, b, c; L) are said to be equivalent if there are an isomorphism ψ: A 1 → A 2 and a number z ∈ C such that
A family of generalized parabolic bundles with a decoration of type (a, b, c; L) parameterized by a scheme S is a quadruple (A S , q S , N S , ϕ S ), where
We will call two such families
Let (A, q, ϕ) be a generalized parabolic bundle with a decoration of type (a, b, c; L). Suppose we are given a weighted filtration (A • , α) of A. We then define
In this definition, we used the weight vector
where r := rk(A). We fix numbers α ∈ (0, 1) ∩ Q and δ ∈ Q >0 . Then the decorated generalized parabolic bundle (A, q, ϕ) is said to be (α, δ)-(semi)stable if for every weighted filtration (A • , α) of A, the inequality
is satisfied. Now, we may introduce the moduli functors
Our main auxiliary result is 
with the following properties:
(i) For every N and every natural transformation ϑ : DGPB
The inhomogeneous case
Here, we will make some remarks concerning a different class of decorations which we will need in some places, but we do not have to develop the whole moduli theory. This time, we fix tuples a = (a 1 , . . . , a n ), b = (b 1 , . . . , b n ), and c = (c 1 , . . . , c n ) of nonnegative integers such that a i − rc i > 0 for i = 1, . . . , n. If a i − rc i = a j − rc j , 1 ≤ i < j ≤ n, we call the triple (a, b, c) homogeneous. The objects we will study now are triples (A, q, ϕ) with (A, q) a generalized parabolic bundle of rank r and ϕ: A a,b,c → O X a non-trivial homomorphism. Here,
We call (A, q, ϕ) a generalized parabolic bundle with a decoration of type (a, b, c), and we say that
where ψ a,b,c : A 1;a,b,c → A 2;a,b,c is the isomorphism induced by ψ. The decoration ϕ breaks into components
Given a weighted filtration (A • , α), we set, for A s+1 := A and i = 1, . . . , n,
Next, we will relate inhomogeneous decorations to homogeneous ones. Let v 1 < · · · < v m be the integers which occur as a i − rc i , i = 1, . . . , n. Given any three non-negative integers a, b, and c, we write V a,b,c for the
Choose a sufficiently large common multiple ω of v 1 , . . . , v m . If we let C act on V j by multiplication with z v j , the weighted projective space (V a,b,c \ {0})/C gets embedded into P(V ω ),
The details may be found in [17] . We may find positive integers D, E, F with
and we have an embedding P(V ω ) → P(V D,E,F ). Let (A, q, ϕ) be a generalized parabolic bundle with a decoration of type (a, b, c).
. . , m. These homomorphisms add up to ϕ:
This finally defines
For every weighted filtration (A • , α) of A, we set
Again, we fix parameters α ∈ (0, 1) ∩ Q and δ ∈ Q >0 . Then a generalized parabolic bundle (A, q, ϕ) with a decoration of type (a, b, c) is called (α, δ)-(semi)stable if, for every weighted filtration (A • , α) of A, the inequality
Remark 3.2.1. An obvious but important fact is
The semistability concept for decorated generalized parabolic bundles for large values of the semistability parameter
In this section, we will explain how the concept of (α, δ)-(semi)stability simplifies and stabilizes when the parameter δ gets very large. We may confine ourselves to a sketch of the arguments, because they are a trivial adaptation of those in our paper [18] . As usual, we fix the input data a, b, c, d, r, and L. Let A be a locally free sheaf of degree d and rank r on the smooth curve X, and
Here, η is the generic point of X and K is the function field of X. We say that ϕ is generically semistable if σ η ∈ P ss a,b,c × Spec(C) Spec(K), with P ss a,b,c the set of SL(V )-semistable points in P(V a,b,c ). 
Proof. The proof is subdivided into several steps as in [18] .
Step 1. Here, one proves the following result. Proof. Note that it suffices to show that, for large δ, ϕ is generically semistable, because then (α, δ)-semistability obviously implies α-asymptotic semistability, by Remark 3.3.1(ii). If ϕ is not generically semistable, then the proof of Theorem 3.1.1 in [18] shows that there are a constant C (which depends only on the input data) and a weighted filtration (A • , α) with 
for any subbundle A of A, it is clear that we can find a constant C which depends only on the input data with
Applying the condition of (α, δ)-semistability to the above weighted filtration, we find the estimate
so that the proposition holds indeed for δ 0 := C .
Step 2 Proof. First, we note that the arguments given in the section entitled "Simplification of the semistability concept for decorated sheaves" in [18] apply without modification to our situation, too. This means that there is a finite set T = {(r With this definition at hand, the proof of Proposition 3.3.4 may be adapted from the proof of Proposition 3.2.2 in [18] in very much the same fashion as the proof of Proposition 3.3.3 has been adapted from the proof of Theorem 3.1.1 in [18] .
Step 3. Assume δ > δ 0 . Then one direction is taken care of by Proposition 3. 
The boundedness result 3.3.4 implies that we may find a constant C with
for any weighted filtration A • , α of A for which (4) holds. Suppose δ > −C . Then
and we are done.
Descending principal G-bundles
Let G be a semisimple linear algebraic group over the complex numbers, and fix a faithful representation : G → GL(V ) on the r-dimensional complex vector space V .
The varieties
Hom(C r , V ∨ )/ /G and P(Hom(C r , V ∨ ) ∨ )/ /G We obtain the representation
as well as the actions induced by the contragredient representation R ∨ ,
For any degree d ≥ 0, the representation R induces an action of GL r (C) × G on the symmetric power Sym d (C r ⊗ V ), so that there is an action of GL r (C) × G on the algebra Sym (C r ⊗ V ). We also get the induced action of GL r (C) on the algebra Sym (C r ⊗V ) G of G-invariants in Sym (C r ⊗ V ). This GL r (C)-action on Sym (C r ⊗ V ) G is, by construction, the same which is induced by the GL r (C)-action : G × H → H, H := Hom(C r , V ∨ )/ /G, coming from . Furthermore, we note that, for any
and, thus, also of (C r ⊗V ) ⊗d , so that we find GL r (C)-module homomorphisms
Choose an s so large that s i=0 Sym i (C r ⊗ V ) G contains a set of generators for the algebra Sym (C r ⊗ V ) G . We define the GL r (C)-module
The homomorphisms π d , d ≥ 0, provide us with an algebra homomorphism
which is compatible with the GL r (C)-actions. To summarize, we have found a representation κ s : GL r (C) → GL(W s ) and a GL r (C)-equivariant closed embedding
We have to analyze the semistability of points ι(h), h ∈ H, with respect to the action of the special linear group SL r (C). Set I := Isom(C r , V ∨ )/G. This is a dense open subset of H.
Proof. This is Lemma 4.1.1 in [17] . We briefly recall the argument. (i) We choose a basis for V ∨ . This provides us with the (SL r (C) × G)-invariant function d: Hom(C r , V ∨ ) → C, f → det(f ), which descends to a (non-constant) function on H, called again d. For any i ∈ I, we clearly have d(ι(i)) = 0, so that ι(i) is SL r (C)-semistable. Furthermore, for any f ∈ Isom(C r , V ∨ ), the (SL r (C) × G)-orbit of f is just the level set d −1 (z) for an appropriate z ∈ C . In particular, it is closed. The image of this orbit is the SL r (C)-orbit of i := [f ] in H, which is, therefore, closed. Since ι is a closed, SL r (C)-equivariant embedding, the orbit of ι(i) is also closed.
(ii) It is obvious from the construction that the ring of SL r (C)-invariant functions on H is generated by d. This makes the asserted property evident.
Next, we study the quotient
We form the GL r (C)-module
Then we have the GL r (C)-equivariant embedding
Note that, for appropriate N ∈ Z >0 , we have a surjection
It is again elementary that, for a point w ∈ W s \ {0} and a one-parameter subgroup λ: C → SL r (C),
Corollary 4.1.2. The point ι([h]) ∈ P(V s ), h ∈ H, is SL r (C)-semistable if and only if h ∈ I.
Proof. This follows from Lemma 4.
and (5), given the obvious fact that [ι(h)] = ι([h]).
The homogeneous and the inhomogeneous decoration associated with a singular G-bundle
A singular principal G-bundle on X is a pair (A, τ ) which consists of a vector bundle A on X of rank r with trivial determinant and a homomorphism τ : Sym (A ⊗ V ) G → O X which is non-trivial in the sense that it is not just the projection onto the degree zero component. The basic features of this notion are outlined in our paper [16] . In particular, we recall the following alternative (see [16, Corollary 3.4] ).
Lemma 4.2.1. Let
be the section defined by τ . Then σ ( X) is either contained in Isom(A, V ∨ ⊗ O X )/G or in the complement of this set.
In the former case, we call (A, τ ) abusively a principal G-bundle, because it defines via the pullback diagram (1) a principal G-bundle P in the usual sense. We choose an s 0 as in the previous section. Then to any singular G-bundle (A, τ ), we associate the pair (A, ϕ) with ϕ:
and the pair (A, ϕ) with
where the direct sum runs over all (d 1 , . . . , d s ) such that d i ≥ 0, i = 1, . . . , s, and id i = s!, and the second arrow is
We need the following important fact.
Proposition 4.2.2. Suppose (A, τ ) is a principal G-bundle. Then the following conditions on a weighted filtration (A • , α) are equivalent:
Proof. The equivalence of (i) and (ii) is a special case of (3). For the equivalence of (ii) and (iii), we refer the reader to [ Next, a singular G-bundle with a generalized parabolic structure (GPS) is a triple (A, q, τ ), where (A, q) is a generalized parabolic bundle of rank r and (A, τ ) is a singular G-bundle. Fix the semistability parameters α ∈ (0, 1) ∩ Q and δ ∈ Q >0 . Then a singular Gbundle (A, q, τ ) with a GPS is said to be (α, δ)-(semi)stable if for every weighted filtration (A • , α) of A the inequality
holds.
Proposition 4.2.3.
For the fixed input data , s, and α as above, there is a rational number δ ∞ > 0 such that for every δ > δ ∞ and every singular G-bundle (A, q, τ ) with a GPS, the following conditions are equivalent:
(ii) (A, τ ) is a principal G-bundle and, for every reduction β of (A, τ ) to a one-parameter subgroup λ of G, one has 
Families of descending G-bundles
The last notion which is missing is that of a family of descending principal G-bundles parameterized by a scheme S. First, let (A S , q S , τ S ) be a family of singular G-bundles with a GPS and A S the associated family of torsion free sheaves on S × X. As shown for the case S = { } in Section 1.2, there is an associated homomorphism
of O S×X -algebras. With the usual arguments, one checks 
Remark 4.3.2. This last condition is equivalent to the vanishing of
Lemma 4.3.1 and Proposition 2.2.1 suggest that this is a reasonable condition.
Singular G-bundles on nodal curves
In this section, we explain the relationship with the problem of Nagaraj and Seshadri [13] and recent work of U. Bhosle [3] .
Descending SL r (C)-bundles
The first interesting testing case for our results is the case of the semisimple group SL r (C) together with its standard representation : SL r (C) ⊂ GL r (C). For any vector bundle A on the curve X, we have a canonical GL r (C)-equivariant isomorphism
i.e., giving a non-trivial homomorphism τ : . The homomorphism r H yields a morphism
Since h is SL r (C)-invariant, it descends to a morphism
Thus, the homomorphism τ induces a homomorphism d:
is obviously an isomorphism away from the node N, whence ϕ(m) ∈ U SL r (C) . The assertion follows, because U SL r (C) is the closure of the set of points [A ] ∈ U (r, 0) for which A is a stable vector bundle and det(A ) is trivial ([22, Theorem 1] ). Therefore, we may equip U SL(r) with the structure of the scheme-theoretic image of the morphism ϕ.
A generalization to arbitrary semisimple groups
A singular principal G-bundle on the nodal curve X is a pair (A , τ ) which consists of a torsion free sheaf A of rank r and degree zero on X and a non-trivial homomorphism
Here, non-trivial means again that τ is not just the projection onto the degree zero component.
For a given singular G-bundle (A , τ ) we may choose an s 0 such that the sum
G contains a set of generators for the algebra Sym (A ⊗ V ) G . For such an s, we obtain again an associated homomorphism
For a weighted filtration (A • , α) of A , we set
Given a positive rational number δ, a singular (ii) It is, in fact, sufficient to choose s such that
This follows again from the remarks in [16] .
For a fixed δ ∈ Q >0 , we obtain the moduli functors SPB( ) δ-(s)s of δ-(semi)stable singular G-bundles on X, and Bhosle proves in [3] that the moduli spaces S PB( ) δ-(s)s for these functors do exist.
The problem with these concepts is that the theory of the instability flagà la Ramanan -Ramanathan, which is crucial to the investigations in [17] and [18] , does not apply on the singular curve X. Therefore, we get no control over the open subset U where a δ-(semi)stable singular G-bundle (A , τ ) defines a true principal G-bundle (U might be even empty), nor do we obtain a satisfactory description of the concept of δ-(semi)stability when δ gets large. For these reasons, we have worked, so far, on the smooth curve X. Nevertheless, we may use our moduli spaces to define some interesting closed subschemes of Bhosle's moduli spaces.
In order to explain these ideas, we first remark that the concept of (α, δ)-(semi)stability and the numerical quantities involved may formally be defined for any positive rational number α. In particular, we can speak of (1, δ)-(semi)stability and define numbers such as 1-pardeg(A), and P 1 (A • , α). (A, q, τ ) be a descending G-bundle and (A , τ ) the induced honest singular G-bundle on X. (A, q, τ ) is a (1, δ)-(semi)stable G-bundle with a GPS, then (A , τ ) is a δ-(semi) stable singular G-bundle.
Proposition 5.2.2. Let
Proof. The proof is essentially the same as the one of Proposition 4.2 in [2] . (i) Let B be any saturated subsheaf of A. We define the saturated subsheaf S (B) ⊂ A by means of the following commutative diagram:
Given a weighted filtration (A • , α), the above construction yields the weighted filtration (A • , α) with A j := S (A j ), j = 1, . . . , s, such that
Moreover, we clearly have
so that the first assertion is established.
(ii) To prove the second part of the proposition, we have to explain that every saturated subsheaf B A is of the form S (B) for an appropriate subbundle B of A. This is indeed the case for the subbundle B generated by the image of the homomorphism
The other ingredient we need is the following.
Proposition 5.2.3.
There is a number ε > 0, such that for any α ∈ (1 − ε, 1) ∩ Q, any integral semistability parameter δ, and any singular G-bundle (A, q, τ ) with a GPS, we have: (A, q, τ ) is (1, δ)-stable, then it is (α, δ) -stable.
Proof. We remind the reader that there is a finite set T , depending only on the SL(V )-action on P(V ⊗ C r )/ /G, such that the condition of (α, δ)-semistability for a singular G-bundle (A, q, τ ) with a GPS has to be checked only against those weighted filtrations (A • , α) of A for which (rk A 1 , . . . , rk A s , α 1 , . . . , α s ) ∈ T (Proposition 3.3.5). We may find a natural number n such that
for any such weighted filtration. For a generalized parabolic bundle (A, q) and a weighted filtration (A • , α), we have
We may choose ε so small that the right hand side of the above inequality is strictly smaller than 1/n. For such an ε, the assertion is clear. Now, let (A S , q S , τ S ) be a family of descending G-bundles parameterized by the scheme S. Then there is an associated family (A S , τ S ) of (honest) singular G-bundles (on X) parameterized by S (see Section 4.3). Let ε be as in Proposition 5.2.3. Choose α ∈ (1 − ε, 1) ∩ Q and δ ∈ Z >0 so large that the conclusion of Proposition 4. between the corresponding moduli spaces. We define M X ( ) ⊂ S PB( ) δ-ss as the scheme-theoretic image of that morphism. This space is a good candidate for (at least the point set of) a compactified moduli space of stable G-bundles on X. Note that the above considerations demonstrate that M X ( ) consists of semistable honest singular G-bundles on X and that, indeed, every stable honest singular G-bundle on X lies in M X ( ).
An open problem
The main problem with the results we have established in this paper is the lack of compatibility of the moduli spaces with degenerations. In fact, given a family X → C over,
, such that the generic fibre is smooth and the fibre over 0 is a nodal curve X, one would like to have a relative moduli space M G → C such that the generic fibre is the usual moduli space of semistable G-bundles and such that the fibre over 0 is the moduli space we have constructed. This seems impossible in our approach. What is, however, possible is the construction of a family s: S( ) δ-ss → C such that over the generic fibre we find our moduli space of δ-semistable singular G-bundles from [16] and over 0 we find Bhosle's moduli space S PB δ-ss . By the results of [17] , the generic fibre is the usual moduli space of semistable G-bundles provided that δ is large enough. So, in the wake of Sun's results [22] , we suggest the following Problem. Let m: M G → C be the closure of s −1 (C \ {0}). Does the fibre m −1 (0) with its induced reduced scheme structure equal M X ( ) with its induced reduced scheme structure?
The proofs
In this section, we discuss the construction of the various moduli spaces we have encountered so far. The main ideas are derived from our previous papers [15] and [16] and Bhosle's theory of generalized parabolic bundles [2] .
Proof of Theorem 3.1.2
Boundedness. Recall that a family B of isomorphy classes [A] of vector bundles on X of, say, degree d and rank r is said to be bounded if there exist a scheme S of finite type over C and a vector bundle A S on S × X such that for every vector bundle A on X with [A] ∈ B, there exists a point s ∈ S with A ∼ = A S|{s}× X . By the semicontinuity theorem and easy facts on vector bundles on curves, this is equivalent to the fact that there is a constant C such that µ(B) ≤ d/r + C for every bundle A with [A] ∈ B and every subbundle 0 B A. 
We see that
so that the assertion holds with C = r + δa(r − 1)/r.
Construction of the parameter space.
Recall that, for a scheme S of finite type over C, a family of generalized parabolic bundles with a decoration of type (a, b, c; L) parameterized by S is a quadruple (A S , q S , N S , ϕ S ), where (A S , q S ) is a family of generalized parabolic bundles, N S is a line bundle on S, and ϕ S :
We choose a point x 0 ∈ X and write O X (1) for O X (x 0 ). By 6.1.1, we may choose an integer n 0 such that for every n ≥ n 0 and every (α, δ)-semistable generalized parabolic bundle (A, q, ϕ) with a decoration of type (a, b, c; L):
• H 1 (A(n)) = 0 and A(n) is globally generated, • H 1 (det(A)(rn)) = 0 and det(A)(rn) is globally generated,
Choose some n ≥ n 0 and set p := d + rn + r(1 − g). Let U be a complex vector space of dimension p. We define Q 0 as the quasi-projective scheme parameterizing equivalence classes of quotients q: U ⊗ O X (−n) → A, where A is a vector bundle of rank r and degree d on X and H 0 (q(n)) is an isomorphism. On Q 0 × X, we have the universal quotient
Define U a,b := (U ⊗a ) ⊕b . Our assumptions imply that the sheaf
is locally free. We call this sheaf H and set H := P(H ∨ ). We let
be the pullback of q Q 0 to H × X. Now, on H × X, there is the tautological homomorphism
According to Proposition 2.2.1, we define S as the closed subscheme which is characterized by the condition that
be the restriction of q H to S × X. By definition of S, the section s H factorizes over a homomorphism
Here, N S is the restriction of O H (1) to S. The space S comes equipped with a family (A S , N S , ϕ S ). To incorporate the parabolic structure as well, we let G be the Graßman-nian of r-dimensional quotients of U . Let q G : U ⊗ O G → R G be the universal quotient and pull it back to S × G in order to get
We define q S×G , A S×G , N S×G , and ϕ S×G as the pullbacks of the objects q S , A S , N S , and ϕ S on S and S × X to S × G and S × G × X, respectively. On the scheme S × G = S × G × {N }, we have the quotient
obtained by first restricting q S×G to S×G×{N 1 , N 2 } and then projecting to S×G×{N}. We define the closed subscheme T as the zero locus of the induced vector bundle map ker(q N ) → R S×G , so that the restriction of q S×G to T factorizes over a quotient
Let A T and ϕ T be the restrictions of A S×G and ϕ S×G to T× X, and set N T := N S×G|T . We call (A T , q T , N T , ϕ T ) the universal family. This is justified by 
The group action. We have natural actions of the group SL(U ) on the schemes Q 0 , H, and G. These actions induce an action : SL(U ) × T → T of SL(U ) on the parameter scheme T.
Proposition 6.1.3. Let S be a scheme of finite type over C and β 1,2 : S → T two morphisms such that the pullbacks of (A T , q T , N T , ϕ T ) via β 1 × id X and β 2 × id X are equivalent. Then there exist anétale covering η: T → S and a morphism : T → SL(U ) such that the morphism β 2 • η: T → T equals
Proof. This can be easily adapted from [15, proof of Proposition 2.10].
The Gieseker space and map. Choose a Poincaré sheaf P on Jac d × X. By our assumptions on n, the sheaf
is locally free. We set G 1 := P(G ∨ 1 ). By replacing P with P ⊗π Jac d (sufficiently ample), we may assume that O G 1 (1) be very ample. Let d: T → Jac d be the morphism associated with r A T , and let A T be a line bundle on T with
on Jac d is also locally free. Set G 2 := P(G ∨ 2 ). It is clear that we can assume O G 2 (1) to be very ample as well. The homomorphism
Finally, we have the morphism ι 3 : T → G from the construction of T. Altogether, setting G := G 1 × G 2 × G and ι := ι 1 × ι 2 × ι 3 , we have an injective and SL(U )-equivariant morphism
Linearize the SL(U )-action on G in O G (p − aδ − rα, rδ, rα) and denote by G (s)s the sets of points in G which are SL(U )-(semi)stable with respect to the given linearization.
We divide the last expression by p and observe that the assumption on the A j yields
so that the above inequality results in
As explained on page 189 of [15] ,
so that we are done.
Proof of Theorem 6.1.4(ii).
We briefly review a part of this argument in order to explain why the assumption that the stability parameter α be smaller than one is mandatory. For this, let (C, 0) be the spectrum of a DVR R with quotient field K. Suppose we are given a morphism h: C → G ss which lifts over Spec(K) to T. This lifting is given by a family
trivial). This can be extended to a certain family (
• a surjection q C onto the flat family A C , where A C|{0}×X may have torsion,
• a quotient q C : π C ( A C|C N 1 ,N 2 ) → R C the restriction of which to the subscheme Spec(K) × X differs from q K by an element in K ,
• a homomorphism ϕ C : ( A ⊗a C ) ⊕b → det( A) ⊗c ⊗π X L the restriction of which to {0}× X is non-trivial and the restriction of which to Spec(K)× X differs from ϕ K by an element in K . The resulting datum k C :
) defines a morphism C → G 2 which coincides with the second component h 2 of h, and q C yields a morphism C → G which coincides with the third component h 3 of h.
Set A C := A ∨∨ C . This is a locally free sheaf on the smooth surface C × X. Therefore, we have a family
coincides with the first component h 1 of h. Setting A 0 := A C|{0}× X , we have to show that H 0 (q C|{0}× X (n)): U → H 0 (A 0 (n)) must be injective. This implies, in particular, that A C|{0}× X is torsion free and, hence, A C = A C and q C = q C . The family (q C , q C , ϕ C ) extends the lifting of h from Spec(K) to the whole C. With H := ker(H 0 (q C|{0}× X (n))) we obtain the weighted flag (0 H U, (1)) in U , and we choose a one-parameter subgroup λ: C → SL(U ) which gives this weighted flag. Note that dim(H ) = T . For this special one-parameter subgroup, we find (compare [15, p. 192f This contradicts the fact that h(0) is semistable.
Proof of Theorem 4.2.4
We fix an integer s 0 as in Section 4.1. Let (A, q, τ ) be a singular G-bundle with a GPS on the curve X and let The parameter space for singular G-bundles with a GPS. Therefore, we may choose an integer n 0 such that, for every n ≥ n 0 and every (α, δ)-semistable singular G-bundle (A, q, τ ) with a GPS, A(n) is globally generated and H 1 (A(n)) = 0. Furthermore, writing ((C r ⊗ V ) ⊗s! ) ⊕N as ((C r ) ⊗s! ) ⊕b , we may assume that n is also so large that all the constructions and arguments used in the construction of DG PB We continue with
Hom(Sym i (U ⊗ V ), H 0 (O X (in))).
Note that, over Y × X, there are universal homomorphisms of the group GL(U ). Again, the property analogous to the one of Proposition 6.1.3 is fulfilled. For the purpose of taking the GIT quotient, we may regard this action as an action : (C × SL(U )) × W(G) → W(G)
of the group C × SL(U ). The quotient may then be taken in two steps. First, we form W(G) := W(G)/ /C , which poses no problems, and then W(G)/ / SL(U ). The latter problem will be reduced to the case of decorated generalized parabolic bundles. To this end, we note that the construction from Section 4.2 can clearly also be performed in families, that is, the homomorphism τ W(G) induces the homomorphism
of O W(G)× X -modules. Now, let T be the parameter space for generalized parabolic bundles (A, q, ϕ) with deg(A) = 0 and rk(A) = r and a decoration of type (s!, b, 0; O X ). vanishes. Now, suppose we are given a family (A S , q S , τ S ) of (α, δ)-semistable singular G-bundles with a GPS parameterized by the scheme S. Choose a covering S i , i ∈ I , of S such that the above family is induced on each S i by a morphism f i : S i → W(G) 
